Introduction.
In any group G, the commutator subgroup G is contained in G   2 , the subgroup of G generated by the squares in G. Thus any product of commutators can be written as a product of squares in G. Roger Lyndon and Morris Newman have made the interesting observation [4, Theorem 1] that, in this case, the number three is minimal in the sense that there are groups which contain commutators not expressible as the product of fewer than three squares. In particular, if G is the free group of rank two (xi, x 2 ; 0), no endomorphism of G sends x Let F be the countably generated free group (xi, x 2 , . . . ; 0) and let S(n) and C(n) denote the words Xi 2 x 2 2 . . . As an immediate consequence we obtain the following:
COROLLARY. // g is the product of n (>0) commutators in a group G, then g can be written as the product of 2n + 1 squares but, in general, g is not expressible as a product of fewer squares.
A word W in F is said to be quadratic if each generator occurring in W appears, with exponent +1 or -1, exactly twice. As an application of our results we will give a new solution to the endomorphism problem (see 2) for quadratic words. The proof of Theorem 1 is straightforward. The proof of Theorem 2 is based on certain previous results [2; 3] of the author; these will be summarized briefly just prior to their use. A completely different proof of Theorem 2 due to R. C. Lyndon will appear in the forthcoming book by Lyndon and Schupp.
The author wishes to thank the referee whose comments have led to considerable improvement in the exposition of this paper. 
Proof
3. Lemmas. We begin this section with an explicit discussion of the notational conventions to be used for the remainder of the paper; the reader is referred to Magnus, Karrass, and Solitar [5] for any unexplained notation. This is followed by a sequence of lemmas concerning the interplay between the application of automorphisms and trivializations (defined below) to quadratic words. The key lemma is Lemma 5 which will be used in the next section to prove Theorem 2.
Given the free group F, we call X = {xi, x 2 , . . .) the set of generators of F and L = {xi, Xi -1 , x 2 , X2 -" 1 , . . .} the set of letters of F. A reduced word is a finite string of letters in which no letter occurs next to its inverse. We will view F as the set of reduced words where the product of two words U and V, denoted U • V, is formed by juxtaposition followed by reduction (i.e. deletion of all subwords of the form xx _1 for x G L). Furthermore, a dot will be used to indicate a point at which some cancellation (i. Proof. Denote TS by r. Clearly F is quadratic, thus by Lemma 4 there are letters x and y such that F = B 1 xB 2 yB' 6 x~lB^y~1B. ) .
Again by part (i), A t T = B t {\ S i ^ 4); therefore, letting
Since V = UT, it is clear that T fixes x and y and that U = AixA 2 yA^x~lA A y~lA-, (i.e. that x, y, x~l, and y~l occur in the same order in U as they do in We apply the same technique, using y and y~l in place of x and x _1 , to reduce ^4 3 " to the empty word. Thus there are quadratic words C/ (3) and F (3) such that U^r = F< Proof. In [1] Max Dehn observed that any non-trivial quadratic word is automorphic to either S{n) or C{n) for some n > 0. In order to prove uniqueness, it suffices to show that no two words of the form S{n) or C{n) {m, n > 0) are automorphic. Since F' is a characteristic subgroup of F, no automorphism of F sends C{m) (£ F') to S{n) (g F'). By Lemma 1 of [3] Proof. Parts (i), (ii), and (iii) are the main import of Lemma B.2 of [2] . Part (iv) follows from parts (i) and (ii) by the fact that trivializations, level substitutions, and p{s, g, i)'s preserve the property of being quadratic. 
